Applying the resolution-scale relativity principle to develop a mechanics of non-differentiable dynamical paths, we find that, in one dimension, stationary motion corresponds to an Itô process driven by the solutions of a Riccati equation. We verify that the corresponding Fokker-Planck equation is solved for a probability density corresponding to the squared modulus of the solution of the Schrödinger equation for the same problem. Inspired by the treatment of the one-dimensional case, we identify a generalization to time dependent problems in any number of dimensions. The Itô process is then driven by a function which is identified as establishing the link between nondifferentiable dynamics and standard quantum mechanics. This is the basis for the scale relativistic interpretation of standard quantum mechanics and, in the case of applications to chaotic systems, it leads us to identify quantum-like states as characterizing the entire system rather than the motion of its individual constituents.
I. INTRODUCTION
Scale relativity was proposed by Laurent Nottale 13, 16, 18 to extend the relativity principle to transformations of resolution-scales, which become additional relative attributes defining reference frames with respect to one another. As such, scale relativity generalizes the standard theory of relativity and includes it as a special case, when the considered systems are invariant under changes of resolution-scale such as in classical mechanics with smooth differentiable trajectories. The resolution-scale relativity principle leads to the abandonment of the usually implicit hypothesis of differentiability and opens up on the consideration of non-differentiable or generally fractal geometries. This amounts to a clear departure from classical dynamics with, in particular, the loss of trajectories as a meaningful concept.
In this article, we concentrate at first on the stationary states, which, in standard quantum mechanics, are described as eigenfunctions of the Hamiltonian operator. We do not intend to provide a detailed review of the scale relativistic approach to standard quantum mechanics nor to discuss the details of its possible interpretations. More details can be found in publications by Nottale 13, 16, 18 or in an article by M.-H. Teh 11 . However, in order to ensure some level of self-containment, in Section II, we provide the main lines of the application of the resolution-scale relativity principle for the development of non-differentiable dynamics.
In particular, we show how concentrating on one dimensional stationary states leads to identifying an Itô process driven by the solutions of a Riccati equation. This special form of Riccati equations commonly appears in quantum mechanics and, in Section III, after reviewing properties of Riccati equations, we see that finding their solutions entails solving the time independent Schrödinger equation for the same problem. In Section IV we verify that, in the stationary regime, the Fokker-Planck equation for the Itô process is satisfied by the squared modulus of the eigenfunctions of the time independent Schrödinger equation. In order to further expose the connection with standard quantum mechanics, in Section V, we travel the reverse route and show that the Schrödinger equation re-written as a Madelung system of equations 10 yields the same Riccati equation in the one dimensional stationary case. Then, in Section VI, we transpose these results to the multidimensional case and obtain a multidimensional Itô process, the integration of which yields standard quantum mechanics statistics also for time dependent states. This allows us to comment, in Section VII, on the possibility that the resolution-scale relativity principle is also applicable to chaotic or complex systems, which come under an effective stochastic description. Finally, in Section VIII, we summarize and bring a few conclusions together.
II. THE RICCATI EQUATION FROM RESOLUTION-SCALE RELATIVITY
This Section is inspired by Section 3, 4, and 5 in M.-H. Teh's paper 11 , where more details and discussions can be found. In classical mechanics, the velocity is defined as the rate of change of the position x(t) during an infinitesimal time step forward or backward. The resolution-scale relativity principle leads to considering non-differentiable paths. This makes the velocity resolution-scale dependent as it can only be defined by considering finite time steps. Also, it breaks the symmetry between forward and backward time steps, resulting in the resolution-scale dependent velocity to be double-valued. This situation can be dealt with by defining the following finite time differentials of position:
with which a displacement over a time step dt can be described by the combination of two terms:
In both expressions, the first term amounts to a displacement with a usual velocityẋ ± depending on the resolution-scale δt. The second terms db ± (t) correspond to possibly stochastic residuals such that db ± = 0 with the averaging being done over all the paths sharing the same usual velocities 18 .
Without any loss of generality, the two differential operators can be combined into a single complex time-differential operator 18 :
This can be used to define the complex velocity:
where V can be regarded as the classical velocity and U is an additional term, the kink velocity 11 , which classically vanishes in the limit of infinitesimal δt but persists and generally diverges for non-differentiable paths.
We now turn to considering a classical field h(x, t) on the Taylor expansion of which we act with the forward and backward time differential operators defined above and take the expectation value over all the compatible paths. This amounts to smoothing out all paths details smaller than some resolution-scale set by the inspection time-scale δt, which explicitly enters the definition of the differential operator:
If we now restrict ourselves to db ± being a Wiener process such that db i+ · db i− = 0, and
i,j dt, in the limit of infinitesimal times dt, the complex and resolution-scale dependent time-differential of h becomes 11, 18 :
This can be used to develop a mechanics of non-differentiable dynamical paths. For this purpose, we assume that mechanical systems can be characterized by a now complex Lagrange function L(x, V, t) and we correspondingly define the complex action as S = 
We may now replace V andd dt by their expressions (Equations 3 and 4), so as to separate the real and imaginary parts of the generalized Newton Equation 5:
It should be noted that this system of equations was also obtained by E. Nelson 12 in the context of stochastic mechanics with an entirely different set of hypothesis and interpretations 11,18 .
It can be noted then when there is no kink velocity U = 0, then standard classical mechanics is recovered. Inversely, we are now going to concentrate on a form of stationary motion, in which there is no usual velocity or drift but only the stochastic fluctuation. This amounts to setting V = 0 and, in order to simplify, we restrict ourselves to the special case V = 0.
The motion that is left is entirely described by the kink velocity U, which is associated with the non-differentiable nature of paths that are otherwise stationary. Under this restriction, the system of Equations 6 becomes:
The second equation indicates that, as can be expected, U does not depend on time. Since V = 0, we have v + = −v − , and v + = U. Consequently, Equation 1 becomes
which is a Langevin equation or Itô process driven by U(x), solution to Equation 7 and in which db + is a stochastic function such that db + = 0 and db i+ · db j+ = 2Dδ i,j dt.
We now further restrict ourselves and consider one dimensional problems for which Equa-
which, when integrated once, takes the form of a Riccati equation 5 :
where E is an integration constant with the dimension of energy. Here, we start using the
. With the resolution-scale relativity principle leading to standard quantum mechanics 11, 18 , it is not surprising to see the appearance of this Riccati equation.
Several authors 6,23 investigated the occasional possibility of using Riccati equations to solve quantum mechanical problems such as a particle in a box, the simple harmonic oscillator and others. More fundamentally, G.W. Rogers 20 observed that the one-dimensional Schrödinger equation can be reduced to a Riccati form. This is particularly interesting: while being nonlinear, the Riccati equation can be used to formulate standard quantum mechanics 22 , which is generally presented as a fundamentally linear theory. Here, we identify again the Riccati equation as being deeply rooted in the quantum mechanical behavior but, this time, in a stochastic description, which independently manifests itself in the resolution-scale relativity framework without invoking quantum mechanics.
III. RICCATI EQUATIONS
A Riccati equation is a first order non-linear differential equation quadratic in the unknown function: . With their relatively simple form, these equations constitute an attractive gateway to non linear dynamical systems. M. Nowakowski and H. C. Rosu 19 investigated systems for which the equations of motion resulting from Newton's laws can be written as Riccati equations. We have seen above that quantum mechanics can sometimes be formulated in terms of Riccati equations.
These equations then appear as a possible point of connection between nonlinear dynamics and quantum mechanics.
An interesting property of the general Riccati equation 21 is that it can be rewritten as a linear second order differential equation by noticing that with η = Uq 2 ,
When the solution ψ of this equation is found, the solution of the original Riccati equation
. In the case of Equation 9 ,
= 0 and the corresponding linear second order differential equation can be rearranged in the form
which, with the substitution ↔ 2mD, is just the time independent Schrödinger equation for a particle of mass m in a one dimensional potential Φ. This is the standard quantum mechanical answer to the problem we approached by applying the generalized Newton fundamental relation of dynamics Equation 5 . So the connection with standard quantum mechanics is starting to reveal itself.
With
, we have U = 2D for the probability density ρ:
We just established that U = 2D
with ψ a solution of the time independent Schrödinger Equation 10. In an attempt to identify the probability ρ with the squared modulus of a probability amplitude, we may write the wave function as ψ = √ ρe iχ and then reproduces the quantum probability density for the position of a particle of mass m in a stationary state of energy E in any one dimensional potential Φ. So, the connection with standard quantum mechanics is now explicit.
V. MADELUNG'S EQUATIONS
To be complete, we can now start from standard quantum mechanics and see if we can identify the Itô process that reproduces stationary quantum statistics. Writing the wavefunction ψ = √ ρe iχ in the usual definition of the probability current density J = ρV = −iD (ψ * ∇ψ − ψ∇ψ * ), we identify the drift velocity as V = 2D∇χ. Similarly, Schrödinger's Equation 10 can be rewritten as the equivalent system of Madelung's equations 10 :
The 
From this, noting that
and using U = D section, the two are in fact equivalent 11, 18 . We now turn to a generalization of all this in more than one dimension.
VI. MORE THAN ONE DIMENSION
In more than one dimension, energy eigenfunctions cannot always be real and the complex velocity V generally has both a real and an imaginary part. We have seen above that in one dimension, for a state ψ, the kink velocity U = 2D ψ ′ ψ sets the flux required to compensate the diffusion resulting from the stochastic term in the Itô process described by Equation 8 . In more than one dimension, the kink velocity U should retain this role as it is the non-classical or quantum-like part of the complex velocity field. In addition, there can be a non-zero drift velocity V which is the real and classical part of the complex velocity field.
Considering the expression for the complex velocity V = V − iU, in order to generalize the
, it is tempting, as an hypothesis to write V in the form:
Proceeding with ψ = √ ρe iχ as before, we obtain
from which we identify V = 2D∇χ, which is the familiar expression for the drift velocity associated with the probability current density, and U = D 
and the corresponding Fokker-Planck equation is
With U = D by successive position measurements. Instead, the state of the system is to be identified with a time section of the entire bundle of dynamical paths 11, 18 with the same resolutionscale dependent complex velocity V, which was found to correspond to the gradient of the logarithm of the wave function used to describe the state of the system in standard quantum mechanics.
It has been suggested that if the resolution-scale relativity principle is applicable to complex or chaotic systems that can effectively be described in terms of Wiener processes at some resolution-scale, then quantum-like features would be expected to appear in such systems 13, 18 . There is a number of observational evidences that this might indeed be the case for various classes of gravitational Keplerian systems 8, 14, 15, 18 . In this context, it is worth noting here that, with the substitution ↔ 2mD, the generalized de Broglie wavelength for a particle of velocity v becomes independent of the particle's mass:
. This implies that an ensemble of particles with different masses constituting a macroscopic chaotic system in a given quantum-like state would be distributed according to the same position probability density. There is, however, a difference between this situation and the resolution-scale relativity based interpretation of standard quantum mechanics: when observed at a fine enough resolution-scale, a given particle within the set recovers a differentiable trajectory that can be described using classical mechanics. At coarse enough resolution-scale, it may be appropriate to describe the system as being in a stationary quantum-like state labeled for example by some eigenvalues of mass-specific energy and angular momentum or as time evolving because of being in a superposition of a few such stationary states. However, at resolutions finer than the generalized de Broglie wavelength characterizing the quantum like state, a given constituent of the system can be found with almost any energy and angular momentum. The one particle does not hold much information about the quantumlike state which possibly describes its motion and that of other constituents of the system observed at coarser resolutions. Considering that the interaction of the one particle with rest of the system conserves energy and angular momentum for example, these quantities for the individual particle are classically entangled with those for the rest of the ensemble of particles. Without this interactions between individual particles and the rest of the system, there would not be any chaotic motion at any scale and, consequently, no effective description in terms of Wiener processes and, hence, no quantum-like description either. The scale-relativistic quantum-like state appears as the state of the entire system regarded under some sort of thermodynamic limit under which the existence of individual constituents is lost.
As such, the scale-relativistic quantum-like state would not be the state of the individual constituents whose mutual interactions are responsible for the chaotic behavior falling under a quantum like description if the resolution-scale relativity principle is applicable. Then, the motions of the individual constituents can be envisioned as as many integrations of the Itô process for the quantum-like state, the information about which is held by the entire system.
As long as one does not rely on the physical existence of some sub-quantum Brownian motion for the interpretation of quantum mechanics, this apparent disconnect between the content and the container does not arise for standard quantum mechanics.
VIII. SUMMARY AND CONCLUSIONS
In Section II, we reviewed the development of the dynamics of non-differentiable paths. The hypothesis that the resolution-scale relativity principle is implemented in nature is validated by the fact that its enforcement to mechanics leads straightforwardly to a relativity principle based foundation of standard quantum mechanics prevailing at small resolutionscales. In Section VII, we commented on the fact that, in the scale-relativistic interpretation, the state of the system is to be identified with the entire set of dynamical paths merely sampled by an Itô process. We then noted that if, as suggested by a number of observations, the resolution-scale relativity principle is applicable to macroscopic chaotic systems, then the interpretation of the nature of the state of the system must be different: a single constituent can not by itself carry the information of a quantum-like state. Instead, the state of the system has to be a collective property of the ensemble of constituents whose mutual interactions are responsible for the chaotic dynamics and the quantum-like behavior under the resolution-scale relativity principle. As such, the interpretation of the state of a chaotic macroscopic system of N particles may recover the same form as for one particle in standard quantum mechanics, provided it is regarded as a single self interacting particle in a 3N dimensional space. Inversely, the richness of the wave function of a single standard quantum mechanical particle may be considered as an infinite collection of dynamical paths each coming under a description by the same Itô process. In these scale relativistic interpretations of standard quantum mechanics and macroscopic chaos, the difference resides in the respectively infinite and finite numbers of degrees of freedom. As a consequence, while it is very possible that the resolution-scale relativity principle applies to macroscopic chaos, it should only do so approximatively. This leaves open the question of the manifestation of the resolution-scale relativity principle in systems demonstrating dynamical chaos over a small number of degrees of freedom.
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